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Abstract
Integral representations for the gluon, electroweak, quark, lepton,
and Higgs fields are presented in the manifestly covariant operator
formalism of quantum gravity. These representations involve all the
interactions in the standard model of particle physics, and satisfy the
matter field equations. Several transformation properties of them are
investigated.
1. Introduction
The d’Alembert equation for a free massless ﬁeld ϕ(x),
ημν∂μ∂νϕ(x) = 0 , (1.1)
can be solved in terms of an integral representation,
ϕ(x) =
∫
d3z[D(x− z)←−∂z0 · ϕ(z)−D(x− z)∂z0ϕ(z)] . (1.2)
Here, ημν ≡ diag(1,−1,−1,−1) and D(x− z) is the Pauli–Jordan D func-
tion deﬁned by the following Cauchy problem:
ημν∂xμ ∂
x
νD(x− z) = 0 , (1.3)
D(x− z)|0 = 0 , (1.4)
∂x0D(x− z)|0 = −δ3 , (1.5)
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where δ3 denotes the spatial delta function
∏3
k=1 δ(x
k−zk) and the symbol
|0 means to set x0 = z0. The right-hand side of (1.2) is independent of z0;
thus it reduces to ϕ(x) at z0 = x0 via (1.4) and (1.5).
The Pauli–Jordan D function has been extended to a non-abelian ver-
sion by Kanno and Nakanishi [1, 2]. This non-abelian D function is deﬁned
by the following q-number Cauchy problem:
ημν∂xμ[∂
x
νDac(x, z) + λfadbA dν (x)Dbc(x, z)] = 0 , (1.6)
Dac(x, z)|0 = 0 , (1.7)
∂x0Dac(x, z)|0 = −δacδ3 . (1.8)
Here, A aμ (x) denotes a non-abelian gauge ﬁeld, λ a coupling constant, f
abc
the structure constant of a non-abelian Lie algebra, and Dac(x, z) the non-
abelian D function.





∂zμ · λf cdbA dν (z)]ημν = 0 , (1.9)
Dac(x, z)←−∂z0 |0 = δacδ3 . (1.10)
Equations (1.6) and (1.9) show that Dab(x, z) satisﬁes the same equations
as the following ones for the Faddeev–Popov ghost ﬁelds Ca(x) and C¯a(x),
ημν∂μ[∂νCa(x) + λfabcA bν (x)C
c(x)] = 0 , (1.11)
ημν [∂μ ∂νC¯a(x) + λfabcA bμ (x)∂νC¯
c(x)] = 0 , (1.12)
respectively.




d3z{Dab(x, z)←−∂z0 · Cb(z)




d3z{C¯b(z)←−∂z0 · Dba(z, x)
−C¯b(z)[δbc∂z0 + λfbdcA d0 (z)]Dca(z, x)} . (1.14)
In these integral representations, the interactions with the non-abelian
gauge ﬁeld are contained not only in the terms proportional to λ but also
in Dab(x, z) via (1.6) and (1.9).
On the other hand, Abe and Nakanishi [3] have treated the Pauli–Jordan
D function separately from the electromagnetic interaction in a method for
solving quantum electrodynamics in the Heisenberg picture. They noted
that an inhomogeneous diﬀerential equation can be solved in terms of an
integral representation. For u(x) satisfying




d4z[θ(x0 − z0)− θ(y0 − z0)]D(x− z)f(z)
+
�
d3z[D(x− z)←−∂z0 · u(z)−D(x− z)∂z0u(z)]|z0=y0 , (1.16)
with
θ(ζ0) ≡
⎧⎨⎩ 1 for ζ0 > 0 ,0 otherwise . (1.17)
The inhomogeneous term f(x) in (1.15) is involved in the integral repre-
sentation (1.16) while no inhomogeneous ones appear in (1.3). This formu-
lation diﬀers from the one in (1.13) or (1.14) where the interaction terms
corresponding to f(x) relate to Dab(x, z) via (1.6) and (1.9).
By analogy with the treatment of the inhomogeneous term in (1.15)
and (1.16), it seems that we can form a Cauchy problem (1.6)–(1.8) with
setting λ = 0 to deﬁne another type of non-abelian D function. However,
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we ﬁnd that such a function is equivalent to the Pauli–Jordan D function:
Dab(x, z) = δabD(x− z) . (1.18)





d4z[θ(x0 − z0)− θ(y0 − z0)]D(x− z)ημν∂zμ[λfabcA bν (z)Cc(z)]
+
∫




d4z[θ(x0 − z0)− θ(y0 − z0)]D(x− z)ημνλfabcA bμ (z)∂zν C¯c(z)
+
∫
d3z[D(x− z)←−∂z0 · C¯a(z)−D(x− z)∂z0 C¯a(z)]|z0=y0 . (1.20)
Of course, these satisfy the ﬁeld equations (1.11) and (1.12), respectively.
The treatment in (1.15)–(1.20) can be extended to a quantum-gravity
version with the use of the quantum-gravity Pauli–Jordan D functionD(x, z)
[4, 5]. Here, D(x, z) is deﬁned on the basis of the manifestly covariant op-
erator formalism of quantum gravity [6]. This formalism is a quantum ﬁeld
theory version of general relativity in which the gravitational ﬁeld is an op-
erator in the Heisenberg picture and the other ﬁelds are also similar ones.
Thus, it is called quantum Einstein gravity.
On the analogy of the above extension, we [7] have applied the treat-
ment of the inhomogeneous term in (1.15) and (1.16) to the matter ﬁelds
with the electromagnetic interaction in quantum Einstein gravity. We re-
garded the terms proportional to the electromagnetic constant e in the
equations for the electromagnetic ﬁeld Aμ(x) and the electron one ψ(x)
???
as inhomogeneous terms corresponding to that in (1.15). In addition to
the quantum-gravity Pauli–Jordan D function, we deﬁned the tensorial
q-number commutator function Dμν(x, z) [8] and the quantum-gravity S
function S(x, z;m) [7] without any terms proportional to e. Then, we in-
corporated the above electromagnetic interaction terms into the integral
representations for Aμ(x) and ψ(x).
Furthermore, the quantum-gravity version of (1.18)–(1.20) shows that
we can use the quantum-gravity Pauli–Jordan D function without extend-
ing to any non-abelian versions in order to form integral representations for
scalar ﬁelds with non-abelian indexes. This fact implies that we can also
use the tensorial q-number commutator function or the spinorial q-number
anti-commutator functions [9] without extending to any non-abelian ver-
sions in order to form integral representations for vector ﬁelds or spinor
ones with non-abelian indexes.
The purpose of the present paper is to give integral representations for
matter ﬁelds with non-abelian indexes in quantum Einstein gravity. For
this purpose, we treat the gluon, electroweak, their auxiliary, quark, lepton,
and Higgs ﬁelds with the gravitational interaction, then form their equa-
tions as in [7]: we collect all the interaction terms in the right-hand sides of
the matter ﬁeld equations and place the rest in the left-hand ones, because
we expect that this formulation enable us to use the above functions.
The present paper is organized as follows. In the next section, we give
the Lagrangian densities and the ﬁeld equations in quantum gravi-chromo-
electroweak dynamics; we treat all the matter ﬁelds. In Sect. 3, we provide
various commutation and anti-commutation relations between the matter-
ﬁeld operators in the Heisenberg picture. In Sect. 4, we present integral
representations for these matter ﬁelds, using the quantum-gravity Pauli–
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Jordan D function, the tensorial q-number commutator function, and the
spinorial q-number anti-commutator functions. We show several transfor-
mation properties of these representations in Sect. 5. Some remarks are
made in the last section.
2. Lagrangian and field equations
In quantum Einstein gravity, all ﬁelds interacting with the gravitational
ﬁeld gμν(x) or the vierbein one h aμ (x) (a = 0, 1, 2, 3) are regarded as matter
ones; the exceptions are the gravitational B-ﬁeld bρ(x), the gravitational
Faddeev–Popov ghost ﬁelds cρ(x) and c¯ρ(x), the internal Lorentz B-ﬁeld
sab(x), and the internal Lorentz Faddeev–Popov ghost ﬁelds tab(x) and
t¯ab(x). We use Greek small letters forGL(4) indexes, and italic small letters
for internal Lorentz ones. On the basis of the standard model of particle
physics [10], we deal with three groups of matter ﬁelds: non-abelian gauge
ﬁelds or Yang–Mills ﬁelds, 2-component massless spinor ones or Weyl ones,
and complex scalar ones or Higgs ones.
We treat both the gravitational ﬁeld and the matter ones. There-
fore, we consider the quantum coupled Einstein–Yang–Mills–Weyl–Higgs
system, whose total Lagrangian density is constructed by combining the
following two Lagrangian densities. The one contains gμν(x), the gluon
ﬁeld A aμ (x) (a = 1, 2, · · · , 8), the electroweak ones W jμ (x) (j = 1, 2, 3) and
Vμ(x), and the Higgs one Φr(x) (r = 1, 2); the other h aμ (x), the left-handed
quark ones ξu(x) and ξd(x), the right-handed quark ones ηu(x) and ηd(x),
the left-handed lepton ones ξn(x) and ξe(x), and the right-handed lepton
ones ηn(x) and ηe(x).
Here, we use upper roman small letters a,b, c, · · · for color indexes of
the gluon ﬁeld, and j, k, l, · · · for weak ones of the electroweak ﬁeld. All
???
the quark ﬁelds are triplets of the color SU(3)C; their color indexes are
always omitted. The left-handed quark, left-handed lepton, and Higgs
ﬁelds are doublets of the weak SU(2)W; their weak indexes are denoted
by upper italic small letters r, s, t, · · · . We deal with two types of quark
up and down, and two types of lepton electron-neutrino and electron, for
simplicity. We introduce the right-handed neutrino ﬁeld ηn because if it
exists then it interacts with the gravitational one; usually, it is not treated
within the standard model of particle physics [10].
So, we obtain the matter Lagrangian density as follows:
LM = LA + LW + LV + LQ + LL + LH . (2.1)
In the right-hand side of this equation, the 1st, 2nd, and 3rd terms are
the Lagrangian densities [8, 11, 12] for the gluon and electroweak ﬁelds,
respectively:
LA = −h4 g
κμgλνG aκλG
a




−ihgμν∂μC¯a · (∂νCa + λCfabcA bν Cc) , (2.2)
LW = −h4 g
κμgλνF jκλF
j




−ihgμν∂μC¯j · (∂νCj + λW�jklW kν C l) , (2.3)
LV = −h4 g




B2 − ihgμν∂μC¯ · ∂νC , (2.4)
with h ≡ deth aμ . The Lagrangian density (2.2) relates to the SU(3)C
gauge symmetry; G aκλ ≡ ∂κA aλ − ∂λA aκ + λCfabcA bκ A cλ , the coupling
constant λC, the structure constant fabc, the B-ﬁeld Ba, the Faddeev–
Popov ghost ones Ca and C¯a, and the gauge parameter αC. The Lagrangian
?????????????????????????????????????????????????????????????????????????
density (2.3) does to the SU(2)W gauge symmetry; F
j




λ , λW, �
jkl, Bj, Cj and C¯j, and αW are the corresponding ones.
Also, the Lagrangian density (2.4) does to the U(1)Y gauge symmetry; B,
C and C¯, and αY are the corresponding ones.
































A aμ + λW
τ jW
2































































−h(GuΨ †q Φ˜ηu +GdΨ †qΦηd +G∗uη†uΦ˜†Ψq +G∗dη†dΦ†Ψq) . (2.5)









σ¯a consist of the unit matrix σ0 and the Pauli spin matrices,
(
◦
σa)AB˙ ≡ (σ0, σ1, σ2, σ3)AB˙ , (2.7)
(
◦
σ¯a)A˙B ≡ (σ0,−σ1,−σ2,−σ3)AB˙ , (2.8)






























We use capital italic letters A,B, A˙, B˙ for Weyl spinor indexes, and raise
or lower them by








[hρa(∂μhρb − ∂ρhμb)− hρb(∂μhρa − ∂ρhμa)




2 (a = 1, 2, · · · , 8) is the generator of SU(3)C,
τ jW
2 (j = 1, 2, 3) the
one of SU(2)W, and λY the coupling constant with respect to the U(1)Y
gauge symmetry. In the last term of (2.5), the Yukawa coupling constants
Gu and Gd of the Higgs and quark ﬁelds are complex-valued, and Φ and Φ˜











respectively. We omit the Weyl spinor indexes and the weak ones of the
quark and Higgs ﬁelds in (2.5) for simplicity.





































































−h(GnΨ †l Φ˜ηn +GeΨ †l Φηe +G∗nη†nΦ˜†Ψl +G∗eη†eΦ†Ψl) . (2.14)
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the Yukawa coupling constants Gn and Ge of the Higgs and lepton ﬁelds are
complex-valued. As in (2.5), we omit the Weyl spinor and weak indexes.
The last term in (2.1) is the Lagrangian density for the Higgs ﬁeld,
LH = hgμν
��

























†Φ− λH(Φ†Φ)2] , (2.16)
where μ2H > 0 and λH > 0; we omit the weak indexes of the Higgs ﬁeld.
The matter Lagrangian density (2.1) yields the equations for the Yang–
Mills, their auxiliary, Weyl, and Higgs ﬁelds.
For the gluon ﬁeld A aμ , and for its auxiliary ones B
a, Ca, and C¯a, we
have
∂κ[h(gκμgλν − gκνgλμ)∂μA aν ]− hgλν∂νBa
= −λC{JλaC + fabc[∂κ(hgκμgλνA bμ A cν ) + hgκμgλνA bκ G cμν



























∂λ(hgλμA aμ ) + αChB
a = 0 , (2.19)
???
∂λ(hgλμ∂μBa)
= −λCfabchgλμ[A bλ ∂μBc − i∂λC¯b · (∂μCc + λCf cdeA dμ Ce)] , (2.20)
∂λ(hgλμ∂μCa) = −λCfabc∂λ(hgλμA bμ Cc) , (2.21)
∂λ(hgλμ∂μC¯a) = −λCfabcA bλ hgλμ∂μC¯c . (2.22)
In the right-hand sides of (2.17), (2.20)–(2.22), we place only the terms
proportional to λC. Using (2.17), (2.20), (2.22), and
fabef ecd + fbcef ead + f caef ebd = 0 , (2.23)
we obtain the four-divergence of (2.18) as follows:
∂λJ
λa
C = −λCfabcA bλ JλcC . (2.24)
For the electroweak ﬁelds W jμ and Vμ, and for their auxiliary ones, we
have
∂κ[h(gκμgλν − gκνgλμ)∂μW jν ]− hgλν∂νBj
= −λW{JλjW + �jkl[∂κ(hgκμgλνW kμ W lν ) + hgκμgλνW kκ F lμν






































































































∂λ(hgλμW jμ ) + αWhB
j = 0 , (2.29)
∂λ(hgλμ∂μBj)
= −λW�jklhgλμ[W kλ ∂μBl − i∂λC¯k · (∂μC l + λW�lmnW mμ Cn)] , (2.30)
∂λ(hgλμ∂μCj) = −λW�jkl∂λ(hgλμW kμ C l) , (2.31)
∂λ(hgλμ∂μC¯j) = −λW�jklW kλ hgλμ∂μC¯ l , (2.32)
∂λ(hgλμVμ) + αYhB = 0 , (2.33)
∂λ(hgλμ∂μB) = 0 , (2.34)
∂λ(hgλμ∂μC) = 0 , (2.35)
∂λ(hgλμ∂μC¯) = 0 . (2.36)
As in the gluon ﬁeld equation (2.17), we place only the terms proportional
to λW or λY in the right-hand sides of (2.25), (2.27), (2.30)–(2.32). Using
(2.25), (2.27), (2.30), (2.32), (2.34), and
�jkn�nlm + �kln�njm + �ljn�nkm = 0 , (2.37)
???
we obtain the four-divergences of (2.26) and (2.28) as follows:
∂λJ
λj
W = −λW�jklW kλ JλlW , (2.38)
∂λJ
λ
Y = 0 . (2.39)

















A aμ + λW
τ jW
2





















































We place only the terms proportional to λC, λW, λY, Gu, Gd, G∗u, or G
∗
d
in the right-hand sides of these equations.
















































σa λYVμηe + hG∗eΦ
†Ψl . (2.45)
The right-hand sides of these equations are sums of the terms proportional
to λW, λY, Gn, Ge, G∗n, or G
∗
e .
We have the Higgs ﬁeld equation as follows:
∂μ(hgμν∂νΦ)
























































The right-hand side of (2.46) is a sum of the terms proportional to μ2H , λH ,
λW, λY, Gu, G∗d, Gn, or G
∗
e .
3. Commutation and anti-commutation relations
We introduce the matter-ﬁeld operators in the Heisenberg picture, and
present various commutation and anti-commutation relations.
3.1. Canonical variables
In order to adopt A aμ , C
a, C¯a, W jμ , C
j, C¯j, Vμ, C, C¯, Ψ rq , ηu, ηd, Ψ
r
l , ηn,
ηe, and Φr as the canonical variables, we replace LM in (2.1) by
???
L˜M ≡ LM + ∂λ
[
hgλμ(A aμ B















































































σc −ηac ◦σb . (3.5)
The canonical conjugates of the above Yang–Mills ﬁelds and the related





























= −hg0μgλν(∂μVν − ∂νVμ) + hg0λB , (3.12)
πC ≡ ∂L˜M
∂C˙




= −ihg0ν∂νC , (3.14)
respectively. Here, the functional derivatives with respect to the Faddeev–
Popov ghost ﬁelds are made from the left of all operands. For the above

































respectively. The functional derivatives with respect to the Weyl ﬁelds are
made from the left of all operands. In addition, the canonical conjugate of

















The equal-time canonical commutation and anti-commutation relations
are set as follows:
[πAλa, A b�μ ] = −iδabδλμδ3 , (3.22)
???
{πCa, Cb′} = −iδabδ3 , (3.23)
{πC¯a, C¯b′} = −iδabδ3 , (3.24)
[πWλj,W k′μ ] = −iδjkδλμδ3 , (3.25)
{πC j, Ck′} = −iδjkδ3 , (3.26)
{πC¯ j, C¯k′} = −iδjkδ3 , (3.27)
[πV λ, V ′μ] = −iδλμδ3 , (3.28)
{πC , C ′} = −iδ3 , (3.29)
{πC¯ , C¯ ′} = −iδ3 , (3.30)
{πqr, Ψ s′q } = −iδrsδ3 , (3.31)
{πu, η′u} = −iδ3 , (3.32)
{πd, η′d} = −iδ3 , (3.33)
{πlr, Ψ s′l } = −iδrsδ3 , (3.34)
{πn, η′n} = −iδ3 , (3.35)
{πe, η′e} = −iδ3 , (3.36)
[πΦr, Φs′] = −iδrsδ3 . (3.37)
In the above and the next subsection, a prime attached to a spacetime
function means that its argument is not xλ but zλ where it is understood
that x0 = z0.
3.2. Between matter ﬁelds
Using the ﬁeld equations, the canonical conjugates, and the equal-time
(anti-)commutation relations, we have various (anti-)commutation rela-
tions.
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For the gluon and its auxiliary ﬁelds, we obtain





[A˙ aμ , A
b′
ν ] = iδ
ab
[





































[B˙a, Bb′] = 0 , (3.41)




[B˙a, C¯b′] = 0 , (3.43)

























In the right-hand side of (3.40), the argument x of each ﬁeld is omitted for
simplicity.
For the electroweak and their auxiliary ﬁelds, we obtain







ν ] = iδ
jk
[


















































[B˙j, C¯k�] = 0 , (3.53)






















[B˙j, η�f ] = 0 (f = u,d,n, e) , (3.57)













[V˙μ, V �ν ] = i
[




































[B˙, C�] = 0 , (3.63)
[B˙, C¯ �] = 0 , (3.64)

































[B˙, η�n] = 0 , (3.70)









We apply the de Donder condition [6],
∂μ(hgμν) = 0 , (3.73)
to (3.39), (3.40), (3.49), (3.50), (3.60), and (3.61).
For the quark, lepton, and Higgs ﬁelds, we obtain

















(f = u,d,n, e) , (3.76)




3.3. BRST charges and matter ﬁelds
In our system described by (3.1), there are ﬁve types of BRST symmetry:
the gravitational, internal Lorentz, SU(3)C, SU(2)W, and U(1)Y BRST
???
symmetries. The corresponding BRST charges are deﬁned as follows. The
gravitational BRST charge [6] is
QG ≡
∫
d3xhg0ν(bρ∂νcρ − ∂νbρ · cρ) . (3.78)
The internal Lorentz BRST charge [6] is
QL ≡
∫
d3xhg0ν [sab(Dνt)ab − ∂νsab · tab + i∂ν t¯ab · tbctac] , (3.79)
with
(Dμt)ab ≡ ∂μtab + ωacμ tcb − ωbcμ tca . (3.80)
Here, sab, tab and t¯ab are anti-symmetric with respect to the indexes a
and b. The SU(3)C and SU(2)W BRST charges are the quantum-gravity



































The U(1)Y BRST charge [8, 12] is
QY ≡
∫
d3xhg0ν(B∂νC − ∂νB · C) . (3.83)
The (anti-)commutation relations between these BRST charges and the
matter ﬁelds yield the BRST transformations of them. Using QG, we have,
for example,
[ iQG, A aμ ] = −κ(∂μcρ ·A aρ + cρ∂ρA aμ ) , (3.84)
[ iQG, Ba ] = −κcρ∂ρBa , (3.85)
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{iQG, Ca} = −κcρ∂ρCa , (3.86)
{iQG, C¯a} = −κcρ∂ρC¯a , (3.87)
{iQG, Ψ rq } = −κcρ∂ρΨ rq , (3.88)
{iQG, Ψ rl } = −κcρ∂ρΨ rl , (3.89)
{iQG, ηf} = −κcρ∂ρηf (f = u,d,n, e) , (3.90)
[ iQG, Φr ] = −κcρ∂ρΦr , (3.91)
because the gluon and electroweak ﬁelds are world vectors [6], and the other
matter ones are world scalars. Here κ is Einstein’s gravitational constant.
Using QL, we have, for example,
[ iQL, A aμ ] = 0 , (3.92)
[ iQL, Ba ] = 0 , (3.93)
{iQL, Ca} = 0 , (3.94)




tabΨ rq , (3.95)




tabΨ rl , (3.96)




tabηf (f = u,d,n, e) , (3.97)
[ iQL, Φr ] = 0 , (3.98)
because the quark and lepton ﬁelds are Lorentz spinors [6], and the other
matter ones are Lorentz scalars.
Furthermore, using QC, QW, and QY, we have the following transfor-
mations:
[ iQC, A aμ ] = ∂μC
a + λCfabcA bμ C
c , (3.99)
???
[ iQC, Ba ] = 0 , (3.100)
{iQC, Ca} = −12λCf
abcCbCc , (3.101)
{iQC, C¯a} = iBa , (3.102)
{iQC, Ψ rq } = iλC
taC
2
CaΨ rq , (3.103)




Caηf (f = u,d) , (3.104)
[ iQW,W jμ ] = ∂μC
j + λW�jklW kμ C
l , (3.105)
[ iQW, Bj ] = 0 , (3.106)
{iQW, Cj} = −12λW�
jklCkC l , (3.107)
{iQW, C¯j} = iBj , (3.108)














{iQW, ηf} = 0 (f = u,d,n, e) , (3.111)







[ iQY, Vμ ] = ∂μC , (3.113)
[ iQY, B ] = 0 , (3.114)
{iQY, C} = 0 , (3.115)
{iQY, C¯} = iB , (3.116)
{iQY, Ψ rq } = iλY
1
6
CΨ rq , (3.117)
{iQY, ηu} = iλY 23Cηu , (3.118)
{iQY, ηd} = −iλY 13Cηd , (3.119)
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{iQY, Ψ rl } = −iλY
1
2
CΨ rl , (3.120)
{iQY, ηn} = 0 , (3.121)
{iQY, ηe} = −iλYCηe , (3.122)




These ﬁve BRST charges give us the subsidiary conditions,
QG|phys� = 0 ,
QL|phys� = 0 ,
QC|phys� = 0 , (3.124)
QW|phys� = 0 ,
QY|phys� = 0 ,
to deﬁne the physical subspace of the indeﬁnite-metric Hilbert space.
4. Integral representations
In this section, we have integral representations for all the ﬁelds interacting
with the gravitational one.
4.1. Yang–Mills ﬁelds and their auxiliary ﬁelds
As in [7], we deﬁne the following bilocal currents relating to the gluon ﬁeld
A aμ (x), and to the electroweak ones W
j
μ (x) and Vμ(x):
J aλμ (x, z)
≡ Dμν(x, z)←−∂zρ · h(z)[gλρ(z)gνσ(z)− gλν(z)gρσ(z)]A aσ (z)
−Dμν(x, z)h(z)[gλρ(z)gνσ(z)− gλσ(z)gνρ(z)]∂zρA aσ (z)
+Dμν(x, z)h(z)gλν(z)Ba(z)− ∂xμD(x, z) · h(z)gλσ(z)A aσ (z) , (4.1)
???
J jλμ (x, z)
≡ Dμν(x, z)←−∂zρ · h(z)[gλρ(z)gνσ(z)− gλν(z)gρσ(z)]W jσ (z)
−Dμν(x, z)h(z)[gλρ(z)gνσ(z)− gλσ(z)gνρ(z)]∂zρW jσ (z)
+Dμν(x, z)h(z)gλν(z)Bj(z)− ∂xμD(x, z) · h(z)gλσ(z)W jσ (z) , (4.2)
Jμλ(x, z)
≡ Dμν(x, z)←−∂zρ · h(z)[gλρ(z)gνσ(z)− gλν(z)gρσ(z)]Vσ(z)
−Dμν(x, z)h(z)[gλρ(z)gνσ(z)− gλσ(z)gνρ(z)]∂zρVσ(z)
+Dμν(x, z)h(z)gλν(z)B(z)− ∂xμD(x, z) · h(z)gλσ(z)Vσ(z) . (4.3)
In these right-hand sides, the tensorial q-number commutator function
Dμν(x, z) and the quantum-gravity Pauli–Jordan D function D(x, z) are
deﬁned by the following Cauchy problems [4, 5, 6, 8]:
∂xκ [h(g
κλgσμ − gκμgσλ)∂xλDμν(x, z)]− hgστ · ∂xτD(x, z)
←−
∂zν = 0 , (4.4)
∂xλ [hg
λμDμν(x, z)] + αh · D(x, z)←−∂zν = 0 , (4.5)
Dμν(x, z)|0 = 0 , (4.6)
∂x0Dμν(x, z)|0 = −
[











μν∂xνD(x, z)] = 0 , (4.8)
D(x, z)|0 = 0 , (4.9)




In (4.5) and (4.7), the gauge parameter α stands for αC, αW, and αY; they
relate to A aμ , W
j
μ , and Vμ via (4.1)–(4.3).
Using the Hermitian conjugates of these functions [5, 8],
[Dμν(x, z)]† = −Dνμ(z, x) , [D(x, z)]† = −D(z, x) , (4.11)
?????????????????????????????????????????????????????????????????????????
we obtain
[Dμν(x, z)←−∂zρ · (gρσgνκ − gνσgρκ)h]
←−
∂zσ − ∂xμD(x, z)
←−
∂zσ · hgσκ = 0 , (4.12)
[Dμν(x, z)hgνρ]←−∂zρ + α∂xμD(x, z) · h = 0 , (4.13)
Dμν(x, z)←−∂z0 |0 =
[










[D(x, z)←−∂zν · hgνρ]
←−
∂zρ = 0 , (4.15)




The four-divergences of the bilocal currents (4.1)–(4.3) with respect to
z are given by
J aλμ (x, z)
←−
∂zλ
= −Dμν(x, z){∂zλ[h(gλρgνσ − gλσgνρ)∂zρA aσ ]− hgνλ∂zλBa} , (4.17)
J jλμ (x, z)
←−
∂zλ
= −Dμν(x, z){∂zλ[h(gλρgνσ − gλσgνρ)∂zρW jσ ]− hgνλ∂zλBj} , (4.18)
Jμλ(x, z)←−∂zλ
= −Dμν(x, z){∂zλ[h(gλρgνσ − gλσgνρ)∂zρVσ]− hgνλ∂zλB} , (4.19)
on the basis of (2.19), (2.29), (2.33), (4.12), and (4.13).
By analogy with the treatment in [7], we obtain the following integral
representations for A aμ (x), W
j
μ (x), and Vμ(x) using (2.17), (2.25), (2.27),
(4.1)–(4.3), (4.17)–(4.19):
???
A aμ (x) =
∫

















d3z J a0μ (x, z)|z0=y0 , (4.20)
W jμ (x) =
∫














k · C l]}
+
∫
d3z J j0μ (x, z)|z0=y0 , (4.21)
Vμ(x) =
∫
d4z [θ(x0 − z0)− θ(y0 − z0)]Dμν(x, z)λYJνY
+
∫
d3z Jμ0(x, z)|z0=y0 . (4.22)
Diﬀerentiating the right-hand sides of these equations with respect to y0,
we ﬁnd that they vanish because of (4.17)–(4.19). Namely, the expressions
in (4.20)–(4.22) are independent of y0; they reduce to A aμ (x), W
j
μ (x), and
Vμ(x) via (4.10) and (4.14) when we set y0 = x0.
Using (3.38), (3.39), (3.48), (3.49), (3.59), and (3.60), we obtain the 4D
commutation relations between the integral representations (4.20)–(4.22),
and A bν (y), W
k
ν (y), and Vν(y) as follows:
[A aμ (x), A
b
ν (y) ] = −iδabDμν(x, y) + Cabμν(x, y;A aσ , Ba;λC) , (4.23)
[W jμ (x),W
k
ν (y) ] = −iδjkDμν(x, y) + C jkμν(x, y;W jσ , Bj;λW) , (4.24)
[Vμ(x), Vν(y) ] = −iDμν(x, y) + Cμν(x, y;Vσ, B;λY) . (4.25)
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In these right-hand sides, Cabμν , Cjkμν , or Cμν is a functional with respect to
A aσ , B
a, and the right-hand side of (2.17), toW jσ , B
j, and the one of (2.25),
or to Vσ, B, and the one of (2.27), respectively. Each functional contains
commutators [G, X ] where G = Dμν , ∂Dμν , and ∂D, and X = A bν for
(4.23), =W kν for (4.24), and = Vν for (4.25).
We next deﬁne bilocal currents relating to the auxiliary ﬁelds Ba(x),
Ca(x), and C¯a(x) for the gluon ﬁeld, and to the auxiliary ones Bj(x), Cj(x),
C¯j(x), B(x), C(x), and C¯(x) for the electroweak ones as follows:
J aλF (x, z)
≡ D(x, z)←−∂zρ · h(z)gλρ(z)F a(z)−D(x, z)h(z)gλρ(z)∂zρF a(z) , (4.26)
J jλF (x, z)
≡ D(x, z)←−∂zρ · h(z)gλρ(z)F j(z)−D(x, z)h(z)gλρ(z)∂zρF j(z) , (4.27)
JF λ(x, z)
≡ D(x, z)←−∂zρ · h(z)gλρ(z)F (z)−D(x, z)h(z)gλρ(z)∂zρF (z) . (4.28)
Here, each symbol F b, F k, or F stands for Bb, Cb, and C¯b, for Bk, Ck,
and C¯k, or for B, C, and C¯. The four-divergences of these bilocal currents
with respect to z are given by
J aλF (x, z)
←−
∂zλ = −D(x, z)∂zλ(hgλρ∂zρF a) , (4.29)
J jλF (x, z)
←−
∂zλ = −D(x, z)∂zλ(hgλρ∂zρF j) , (4.30)
JF λ(x, z)←−∂zλ = −D(x, z)∂zλ(hgλρ∂zρF ) , (4.31)
via (4.15).
???
In parallel with (4.20)–(4.22), we obtain the following integral repre-




d4z [θ(x0 − z0)− θ(y0 − z0)]D(x, z)
×λCfabchgλν [A bλ ∂zνBc − i∂zλC¯b · (∂zνCc + λCf cdeA dν Ce)]
+
∫
d3z J a0B (x, z)|z0=y0 , (4.32)
Ca(x) =
∫
d4z [θ(x0 − z0)− θ(y0 − z0)]D(x, z)λCfabc∂zλ(hgλνA bν Cc)
+
∫
d3z J a0C (x, z)|z0=y0 , (4.33)
C¯a(x) =
∫
d4z [θ(x0 − z0)− θ(y0 − z0)]D(x, z)λCfabchgλνA bλ ∂zν C¯c
+
∫
d3z J a0C¯ (x, z)|z0=y0 , (4.34)
Bj(x) =
∫
d4z [θ(x0 − z0)− θ(y0 − z0)]D(x, z)
×λW�jklhgλν [W kλ ∂zνBl − i∂zλC¯k · (∂zνC l + λW�lmnW mν Cn)]
+
∫
d3z J j0B (x, z)|z0=y0 , (4.35)
Cj(x) =
∫
d4z [θ(x0 − z0)− θ(y0 − z0)]D(x, z)λW�jkl∂zλ(hgλνW kν C l)
+
∫
d3z J j0C (x, z)|z0=y0 , (4.36)
C¯j(x) =
∫









d3zJB0(x, z) , (4.38)
C(x) =
∫
d3zJC0(x, z) , (4.39)
C¯(x) =
∫
d3zJC¯0(x, z) . (4.40)
Diﬀerentiating the right-hand sides of (4.32)–(4.37) with respect to y0 lead
us to the fact that they vanish because of (4.29) and (4.30). Namely, the
expressions in (4.32)–(4.37) are independent of y0; they reduce to Ba(x),
Ca(x), C¯a(x), Bj(x), Cj(x), and C¯j(x) via (4.16) when we set y0 = x0.
On the other hand, diﬀerentiating the right-hand sides of (4.38)–(4.40)
with respect to z0, we ﬁnd that they are independent of z0. So, these
expressions yield B(x), C(x), and C¯(x) via (4.16) at z0 = x0.
Using (3.38), (3.40), (3.48), (3.50), (3.59), and (3.61), we obtain the 4D
commutation relations between the integral representations (4.32), (4.35),
and (4.38), and A bν (y), W
k
ν (y), and Vν(y) as follows:
[Ba(x), A bν (y) ] = −iδabD(x, y)
←−
∂yν + Cabν (x, y;Ba;λC) , (4.41)
[Bj(x),W kν (y) ] = −iδjkD(x, y)
←−
∂yν + Cjkν(x, y;Bj;λW) , (4.42)
[B(x), Vν(y) ] = −iD(x, y)←−∂yν + Cν(x, y;B;λY) . (4.43)
In the right-hand side of (4.41) or (4.42), Cabν or Cjkν is a functional with
respect to Ba and the right-hand side of (2.20), or to Bj and the one of
(2.30), respectively. Each functional contains commutators [G, X ] where
G = D and ∂D, and X = A bν for (4.41) and = W kν for (4.42). In the
right-hand side of (4.43), Cν is a linear functional with respect to B and
contains commutators [G, Vν ] where G = D and ∂D.
4.2. Weyl ﬁelds
As in [9], we deﬁne the following bilocal currents relating to the quark ﬁelds
???
Ψ rq (x), ηu(x), and ηd(x), and to the lepton ones Ψ
r
l (x), ηn(x), and ηe(x):




q (z) , (4.44)
J¯ λu (x, z) ≡ iS¯(x, z)h(z)hλa(z)
◦
σa ηu(z) , (4.45)
J¯ λd (x, z) ≡ iS¯(x, z)h(z)hλa(z)
◦
σa ηd(z) , (4.46)




l (z) , (4.47)
J¯ λn (x, z) ≡ iS¯(x, z)h(z)hλa(z)
◦
σa ηn(z) , (4.48)
J¯ λe (x, z) ≡ iS¯(x, z)h(z)hλa(z)
◦
σa ηe(z) . (4.49)
Here, the spinorial q-number anti-commutator functions S(x, z) and S¯(x, z)











S(x, z) = 0 , (4.50)















S¯(x, z) = 0 , (4.52)






Using the Hermitian conjugates of these functions [9],























μahi = 0 , (4.56)
?????????????????????????????????????????????????????????????????????????
from (4.50) and (4.52).
The four-divergences of the bilocal currents (4.44)–(4.49) with respect
to z are given by
J rλq (x, z)
←−










Ψ rq , (4.57)
J¯ λu (x, z)
←−











J¯ λd (x, z)
←−











J rλl (x, z)
←−










Ψ rl , (4.60)
J¯ λn (x, z)
←−











J¯ λe (x, z)
←−











on the basis of (3.2), (3.3), (4.55), and (4.56).
By analogy with the treatment in the previous subsection, we obtain
the following integral representations for Ψ rq (x), ηu(x), ηd(x), Ψ
r
l (x), ηn(x),
and ηe(x) using (2.40)–(2.45), (4.44)–(4.49), (4.57)–(4.62):
Ψ rq (x) =
∫








A aμ + λW
τ jW
2
































d3z J¯ 0u (x, z)|z0=y0 , (4.64)
ηd(x) =
∫







































d3z J r0l (x, z)|z0=y0 , (4.66)
ηn(x) =
∫
d4z [θ(x0 − z0)− θ(y0 − z0)]S¯(x, z)hG∗nΦ˜†Ψl
+
∫
d3z J¯ 0n (x, z)|z0=y0 , (4.67)
ηe(x) =
∫
d4z [θ(x0 − z0)− θ(y0 − z0)]S¯(x, z)
×h(hμa ◦σa λYVμηe +G∗eΦ†Ψl)
+
∫
d3z J¯ 0e (x, z)|z0=y0 . (4.68)
Diﬀerentiating the right-hand sides of these equations with respect to
y0, we ﬁnd that they vanish because of (4.57)–(4.62). Namely, the expres-
sion in (4.63)–(4.68) are independent of y0; they reduce to Ψ rq (x), ηu(x),
ηd(x), Ψ rl (x), ηn(x), and ηe(x) via (4.51) and (4.53) when we set y
0 = x0.
?????????????????????????????????????????????????????????????????????????
Using (3.74) and (3.75), we obtain the 4D anti-commutation relations




{Ψ rq (x), (Ψ†q)s(y)}
= iδrsS(x, y) +Rrs(x, y;Ψ rq ;λC, λW, λY, Gu, Gd) , (4.69)
{Ψ rl (x), (Ψ†l )s(y)}
= iδrsS(x, y) +Rrs(x, y;Ψ rl ;λW, λY, Gn, Ge) . (4.70)
Here, Rrs is a functional with respect to Ψ rq or Ψ rl , and to the right-hand
side of (2.40) or (2.43). It contains a commutator [S, X ] where X = (Ψ †q)s
for (4.69) or = (Ψ †l )
s for (4.70).
Likewise, using (3.76), we obtain the 4D anti-commutation relations
between the integral representations (4.64), (4.65), (4.67), and (4.68), and
η†f (y) as follows:
{ηf(x), η†f (y)} = iS¯(x, y) + R¯(x, y; ηf ;λC, λY, G∗f ) (f = u,d) , (4.71)
{ηn(x), η†n(y)} = iS¯(x, y) + R¯(x, y; ηn;G∗n) , (4.72)
{ηe(x), η†e(y)} = iS¯(x, y) + R¯(x, y; ηe;λY, G∗e) . (4.73)
Here, R¯ is a functional with respect to ηf (f = u,d,n, e) and to the right-
hand side of (2.41), (2.42), (2.44), or (2.45). It contains a commutator
between S¯ and η†f (f = u,d,n, e).
4.3. Higgs ﬁeld
We deﬁne a bilocal current relating to the Higgs ﬁeld as
J rλΦ (x, z)
≡ D(x, z)←−∂zρ · h(z)gλρ(z)Φr(z)−D(x, z)h(z)gλρ(z)∂zρΦr(z) . (4.74)
???
The four-divergence of this current is given by
J rλΦ (x, z)
←−
∂zλ = −D(x, z)∂zλ(hgλμ∂zμΦr) , (4.75)
via (4.15).
Using (2.46), (4.74), and (4.75), we obtain an integral representations




d4z [θ(x0 − z0)− θ(y0 − z0)]D(x, z)
×h
[















































d3z J r0Φ (x, z)|z0=y0 . (4.76)
Here, we apply the de Donder condition (3.73) to the ﬁrst term. Of course,
the right-hand side of (4.76) is independent of y0 and thus reduces to Φr(x)
via (4.16) when we set y0 = x0.
The 4D commutation relation between the integral representation (4.76)
and (Φ†)s(y) is given by
[Φr(x), (Φ†)s(y) ]
= iδrsD(x, y) + Crs(x, y;Φr;μ2H , λH , Gu, G∗d, Gn, G∗e , λW, λY) , (4.77)
with the use of (3.77). The second term Crs is a functional with respect to
Φr and to the right-hand side of (2.46). It contains commutators [G, (Φ†)s ]
where G = D and ∂D.
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5. Transformation properties
We investigate properties of the integral representations for the matter
ﬁelds in Sect. 4 under the aﬃne, gravitational BRST, internal Lorentz
BRST, and SU(3)C × SU(2)W × U(1)Y BRST transformations.
5.1. Aﬃne transformation
Let Pˆλ and Mˆκλ be the translation generator and the GL(4) one [6], re-
spectively. In order to obtain the commutation relations between these
generators and the integral representations for the matter ﬁelds, we need
the following commutation relations [4, 5, 6, 8, 9]:
[ iPˆλ, h ] = ∂λh , [ iMˆκλ, h ] = x
κ∂λh+ δκλh , (5.1)
[ iPˆλ, gμν ] = ∂λgμν , [ iMˆκλ, g
μν ] = xκ∂λgμν − δμλgκν − δνλgμκ ,
(5.2)
[ iPˆλ, hμa ] = ∂λhμa , [ iMˆκλ, h
μa ] = xκ∂λhμa − δμλhκa , (5.3)
[ iPˆλ, ωabμ ] = ∂λω
ab












[ iPˆλ,D(x, z) ] = (∂xλ + ∂zλ)D(x, z) , (5.5)
[ iMˆκλ,D(x, z) ] = (xκ∂xλ + zκ∂zλ)D(x, z) , (5.6)
[ iPˆλ,Dμν(x, z) ] = (∂xλ + ∂zλ)Dμν(x, z) , (5.7)
[ iMˆκλ,Dμν(x, z) ] = (xκ∂xλ + zκ∂zλ)Dμν(x, z)
+δκμDλν(x, z) + δκνDμλ(x, z) , (5.8)
[ iPˆλ,S(x, z) ] = (∂xλ + ∂zλ)S(x, z) , (5.9)
[ iMˆκλ,S(x, z) ] = (xκ∂xλ + zκ∂zλ)S(x, z) , (5.10)
???
[ iPˆλ, S¯(x, z) ] = (∂xλ + ∂zλ)S¯(x, z) , (5.11)
[ iMˆκλ, S¯(x, z) ] = (xκ∂xλ + zκ∂zλ)S¯(x, z) . (5.12)
First, we have the following commutation relations between Pˆλ and
Mˆκλ, and the integral representations for the gluon ﬁeld (4.20) with the
use of (5.1), (5.2), (5.5)–(5.8):














λ J a0μ (x, z)− δ 0λ J aρμ (x, z)]|z0=y0 , (5.13)
[ iMˆκλ, A
a
μ (x) ] = x
κ∂xλA
a












d3z ∂zρ{zκ[δ ρλ J a0μ (x, z)− δ 0λ J aρμ (x, z)]}|z0=y0 . (5.14)
In these right-hand sides, the 4D and 3D integral terms reduce to 3D surface
and surface integral ones, respectively. Hence they vanish, and we obtain
the aﬃne transformation of A aμ (x). Likewise, the commutation relations
between Pˆλ and Mˆκλ, and the integral representations for the electroweak
ﬁelds (4.21) and (4.22) yield the aﬃne transformations ofW jμ (x) and Vμ(x).
Then, using (5.1), (5.2), (5.5), and (5.6), we have the commutation rela-
tions between Pˆλ and Mˆκλ, and the integral representation for the auxiliary
ﬁelds (4.32)–(4.34) as follows:











λ J a0F (x, z)− δ 0λ J aρF (x, z)]|z0=y0 , (5.15)
?????????????????????????????????????????????????????????????????????????
[ iMˆκλ, F









d3z ∂zρ{zκ[δ ρλ J a0F (x, z)− δ 0λ J aρF (x, z)]}|z0=y0 , (5.16)
where F a stands for Ba, Ca, and C¯a as in Sect. 4. In these right-hand
sides, the integral terms vanish by virtue of the similar reasons in (5.13)
and (5.14). Thus, these commutation relations reduce to the aﬃne trans-
formations of Ba(x), Ca(x), and C¯a(x). Replacing F a with F j in (5.15)
and (5.16), we obtain the commutation relations between Pˆλ and Mˆκλ, and
the integral representations for the auxiliary ﬁelds (4.35)–(4.37); of course,
F j stands for Bj, Cj, and C¯j. These commutation relations reduce to the
aﬃne transformations of Bj(x), Cj(x), and C¯j(x).
In parallel with (5.15) and (5.16), using (5.1), (5.2), (5.5), and (5.6),
we have the commutation relations between Pˆλ and Mˆκλ, and the integral
representations for the auxiliary ﬁelds (4.38)–(4.40) as follows:




λ JF 0(x, z)− δ 0λ JF ρ(x, z)] , (5.17)




d3z ∂zρ{zκ[δ ρλ JF 0(x, z)− δ 0λ JF ρ(x, z)]} , (5.18)
where F stands for B, C, and C¯. Since these integral terms vanish, Eqs.
(5.17) and (5.18) yield the aﬃne transformations of B(x), C(x), and C¯(x).
Let Ξ stand for the quark ﬁelds Ψ rq , ηu, and ηd, or the lepton ones Ψ
r
l ,
ηn, and ηe. Using (5.1), (5.3), (5.4), (5.9)–(5.12), we have the commutation
relations between Pˆλ and Mˆκλ, and the integral representations for the
???
quark ﬁelds (4.63)–(4.65) or for the lepton ones (4.66)–(4.68) as follows:
[ iPˆλ, Ξ(x) ] = ∂xλΞ(x)
+
∫







λ J 0Ξ(x, z)− δ 0λ J ρΞ(x, z)]|z0=y0 , (5.19)









d3z ∂zρ{zκ[δ ρλ J 0Ξ(x, z)− δ 0λ J ρΞ(x, z)]}|z0=y0 . (5.20)
Because of the similar reasons in (5.13) and (5.14), these commutation




Also, the commutation relations between Pˆλ and Mˆκλ, and the integral
representations for the Higgs ﬁeld (4.76) are given by











λ J r0Φ (x, z)− δ 0λ J rρΦ (x, z)]|z0=y0 , (5.21)
[ iMˆκλ, Φ









d3z ∂zρ{zκ[δ ρλ J r0Φ (x, z)− δ 0λ J rρΦ (x, z)]}|z0=y0 . (5.22)
with the use of (5.1), (5.2), (5.5) and (5.6). Of course, these equations yield
the aﬃne transformation of Φr(x).
?????????????????????????????????????????????????????????????????????????
5.2. Gravitational BRST and internal Lorentz BRST
transformations
In order to obtain the (anti-)commutation relations between the gravita-
tional BRST charge QG and the integral representations for the matter
ﬁelds, we need the following commutation relations [4, 5, 6, 8, 9]:
[ iQG, h ] = −κ∂μ(cμh) , (5.23)
[ iQG, gμν ] = κ(∂ρcμ · gρν + ∂ρcν · gμρ − cρ∂ρgμν) , (5.24)
[ iQG, hμa ] = κ(∂ρcμ · hρa − cρ∂ρhμa) , (5.25)
[ iQG, ωbcμ ] = −κ(∂μcρ · ωbcρ + cρ∂ρωbcμ ) , (5.26)
[ iQG,D(x, z) ] = −κ[cρ(x)∂xρD(x, z) +D(x, z)
←−
∂zρ · cρ(z)] , (5.27)
[ iQG,Dμν(x, z) ] = −κ[∂xμcρ(x) · Dρν(x, z) + cρ(x)∂xρDμν(x, z)
+Dμσ(x, z)∂zνcσ(z) +Dμν(x, z)
←−
∂zσ · cσ(z)] ,
(5.28)
[ iQG,S(x, z) ] = −κ[cρ(x)∂xρS(x, z) + S(x, z)
←−
∂zρ · cρ(z)] , (5.29)
[ iQG, S¯(x, z) ] = −κ[cρ(x)∂xρ S¯(x, z) + S¯(x, z)
←−
∂zρ · cρ(z)] . (5.30)
Using (5.23), (5.24), (5.27), and (5.28), we have the following (anti-)
commutation relations between QG, and the integral representations for
the gluon ﬁeld (4.20) and for its auxiliary ones (4.32)–(4.34):
[ iQG, A aμ (x) ]
= −κ[∂xμcρ(x) ·A aρ (x) + cρ(x)∂xρA aμ (x)]
−κ
∫





d3z ∂zλ[J a0μ (x, z) cλ(z)− J aλμ (x, z) c0(z)]|z0=y0 , (5.31)
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d3z ∂zλ[J a0C¯ (x, z) cλ(z)− J aλC¯ (x, z) c0(z)]|z0=y0 . (5.34)
In these right-hand sides, the 4D and 3D integral terms vanish. Therefore,
these equations yield the gravitational BRST transformations of A aμ (x),
Ba(x), Ca(x), and C¯a(x). Likewise, the (anti-)commutation relations be-
tween QG, and the integral representations for the electroweak ﬁelds (4.21)
and (4.22), and for their auxiliary ones (4.35)–(4.40) reduce to the gravita-
tional BRST transformations of W jμ (x), B
j(x), Cj(x), C¯j(x), Vμ(x), B(x),
C(x), and C¯(x).
Using (5.23), (5.25), (5.26), (5.29), and (5.30), we have the following
anti-commutation relations between QG, and the integral representations
?????????????????????????????????????????????????????????????????????????










d3z ∂zλ[J 0Ξ (x, z) cλ(z)− J λΞ (x, z) c0(z)]|z0=y0 . (5.35)
These equations yield the gravitational BRST transformations of Ψ rq (x),
ηu(x), ηd(x), Ψ rl (x), ηn(x), and ηe(x).
The commutation relation between QG and the integral representation
for the Higgs ﬁeld (4.76) is given by









d3z ∂zλ[J r0Φ (x, z) cλ(z)− J rλΦ (x, z) c0(z)]|z0=y0 , (5.36)
with the use of (5.23), (5.24), and (5.27). This commutation relation re-
duces to the gravitational BRST transformation of Φr(x).
In order to obtain the (anti-)commutation relations between the internal
Lorentz BRST charge QL and the integral representations for the matter
ﬁelds, we need the following commutation relations [4, 5, 6, 8, 9]:
[ iQL, h] = 0 , (5.37)
[ iQL, hμa ] = −tabhμb , (5.38)
[ iQL, ωbcμ ] = (Dμt)
bc , (5.39)
[ iQL,S(x, z) ] = −12 [t
ab(x)
◦





[ iQL, S¯(x, z) ] = −12 [t
ab(x)
◦




We easily conﬁrm that QL (anti-)commutes with the integral representa-
tions for A aμ (x), B
a(x), Ca(x), C¯a(x), W jμ , B
j(x), Cj(x), C¯j(x), Vμ(x),
B(x), C(x), C¯(x), and Φr(x). Consequently, these representations are in-
variant under the internal Lorentz BRST transformations. On the other
hand, we ﬁnd that the anti-commutation relations between QL, and the in-
tegral representations for Ψ rq (x), ηu(x), ηd(x), Ψ
r
l (x), ηn(x), and ηe(x)
reduce to the internal Lorentz BRST transformations (3.95)–(3.97) via
(5.37)–(5.41).
5.3. SU(3)C × SU(2)W × U(1)Y BRST transformations
In order to obtain the (anti-)commutation relations between the BRST
charges QC, QW, and QY, and the integral representations for the matter
ﬁelds, we use (3.99)–(3.123) because each of Dμν(x, z), D(x, z), S(x, z),
and S¯(x, z) is invariant under the SU(3)C, SU(2)W, and U(1)Y BRST
transformations [8, 9].
The commutation relations betweenQC and the integral representations
for the gluon ﬁeld (4.20) is given by
[ iQC, A aμ (x) ]
= −
∫
d4z [θ(x0 − z0)− θ(y0 − z0)]Dμν(x, z)
×∂zλ[h(gλρgνσ − gλσgνρ)∂zρ(∂zσCa + λCfabcA bσ Cc)]
+
∫
d3z [Dμν(x, z)←−∂zρ · h(g0ρgνσ − g0νgρσ)(∂zσCa + λCfabcA bσ Cc)
−Dμν(x, z)h(g0ρgνσ − g0σgνρ)∂zρ(∂zσCa + λCfabcA bσ Cc)
−∂xμD(x, z) · hg0ρ(∂zρCa + λCfabcA bρ Cc)]|z0=y0 , (5.42)
with the use of (3.99), (3.100), and (4.17). In the right-hand side of this
equation, we integrate the ﬁrst term by parts to cancel out the part of
?????????????????????????????????????????????????????????????????????????
the second one via (2.21), (4.6), (4.12), and (4.14). Thus, we obtain
∂xμC
a+λCfabcA bμ C
c which is the SU(3)C BRST transformation of A aμ (x).
The BRST charge QC commutes with the integral representation for the
B-ﬁeld (4.32). Of course, both QW and QY commute with the integral
representations (4.20) and (4.32).
The anti-commutation relation between QC and the integral represen-




























with the use of (3.101) and (4.29). In the right-hand side of this equation,
we integrate the ﬁrst term by parts to cancel out the part of the second
one via (4.9), (4.15), and (4.16). So, we obtain −λC2 fabcCbCc which is
the SU(3)C BRST transformation of Ca(x). On the other hand, the anti-
commutation relation between QC and the integral representation for the
Faddeev–Popov anti-ghost ﬁeld (4.34) reduces to (3.102) with the integral
representation for the B-ﬁeld (4.32). Both QW and QY anti-commute with
the integral representations for Ca(x) and C¯a(x).
In parallel with the above (anti-)commutation relations, the ones be-
tween QW, and the integral representations for the electroweak ﬁeld (4.21)
and for their auxiliary ones (4.35)–(4.37) yield the right-hand sides of
(3.105)–(3.108). Obviously, both QC and QY (anti-)commute with these
integral representations.
The commutation relation between QY and the integral representation
???
for the electroweak ﬁeld (4.22) is given by
[ iQY, Vμ(x) ] =
∫
d3z [Dμν(x, z)←−∂zρ · h(g0ρgνσ − g0νgρσ)∂zσC
−∂xμD(x, z) · hg0ρ∂zρC]|z0=y0 , (5.44)
with the use of (3.113), (3.114), and (4.19). Since the ﬁrst term of this
integrand does not involve ∂0C, we integrate it by parts. Using (4.12) and
(4.39), we consequently reduce the right-hand side of (5.44) to ∂xμC. Also,
the (anti-)commutation relations between QY, and the integral represen-
tations for the auxiliary ﬁelds (4.38)–(4.40) yield the right-hand sides of
(3.114)–(3.116). Of course, both QC and QW (anti-)commute with these
integral representations.
Next, using (3.103), (3.109), and (3.117), we have the anti-commutation
relations between the three BRST charges, and the integral representations
for the left-handed quark ﬁelds (4.63) as follows:
{iQC, Ψ rq (x)} = −
∫
























{iQW, Ψ rq (x)} = −
∫


























{iQY, Ψ rq (x)} = −
∫






















These right-hand sides reduce to the ones of (3.103), (3.109), and (3.117)
when we integrate their ﬁrst terms by parts and apply (3.2), (4.51), and
(4.55) to them.
Using (3.104), (3.118), and (3.119), we have the anti-commutation re-
lations between QC and QY, and the integral representations for the right-
handed quark ﬁelds (4.64) and (4.65) as follows:
{iQC, ηf(x)} = −
∫























(f = u,d) ,
(5.48)
{iQY, ηu(x)} = −
∫











































These right-hand sides reduce to the ones of (3.104), (3.118), and (3.119)
when we integrate their ﬁrst terms by parts and apply (3.3), (4.53), and
(4.56) to them.
Also, using (3.110) and (3.120), we have the following anti-commutation
relations between QW and QY, and the integral representations for the left-
handed lepton ﬁelds (4.66):
{iQW, Ψ rl (x)} = −
∫

























{iQY, Ψ rl (x)} =
∫






















These right-hand sides reduce to the ones of (3.110) and (3.120) when we
integrate their ﬁrst terms by parts and apply (3.2), (4.51), and (4.55) to
them.
In relation to the right-handed lepton ﬁelds, we have only the follow-
















d3z S¯(x, z)hh0a ◦σa λYCηe|z0=y0 . (5.53)
?????????????????????????????????????????????????????????????????????????
This right-hand side reproduces the one of (3.122) with the similar treat-
ment of that in (5.49) and (5.50).
The commutation relations between QW and QY, and the integral rep-
resentation for the Higgs ﬁeld (4.76) are given by
[ iQW, Φr(x) ]
= −
∫





























[ iQY, Φr(x) ]
= −
∫





























with the use of (3.112) and (3.123). In these right-hand sides, we integrate
their ﬁrst terms by parts to cancel out the parts of the second ones via
(4.9), (4.15), and (4.16). Thus, these right-hand sides reduce to the ones
of (3.112) and (3.123).
6. Summary and remarks
In the present paper, we have reviewed the (anti-)commutation relations
with respect to the matter-ﬁeld operators in the Heisenberg picture on the
basis of quantum Einstein gravity. We have regarded the terms propor-
tional to the coupling constants in the ﬁeld equations (2.17), (2.20)–(2.22),
???
(2.25), (2.27), (2.30)–(2.32), (2.40)–(2.46) as inhomogeneous ones corre-
sponding to that in (1.15). Then, we have solved these 16 equations and
(2.34)–(2.36) in terms of the integral representations for the matter ﬁelds
using the bilocal operators Dμν(x, z), D(x, z), S(x, z), and S¯(x, z). These
integral representations contain the gravitational, strong, and electroweak
interactions. We have also shown the properties of these integral repre-
sentations under the aﬃne, gravitational BRST, internal Lorentz BRST,
SU(3)C BRST, SU(2)W BRST, and U(1)Y BRST transformations.
Because of the inhomogeneous terms in the above 16 equations, the 4D
integral terms with the factor [θ(x0 − z0) − θ(y0 − z0)] appear in (4.20)–
(4.22), (4.32)–(4.37), (4.63)–(4.68), and (4.76). These terms are sums of
“retarded” superpositions on x0 > z0 > y0 for x0 > y0, and “advanced”
ones on x0 < z0 < y0 for x0 < y0. The factor [θ(x0 − z0) − θ(y0 − z0)]
in these integral representations yield “time-order” between x0 and z0,
while the bilocal operators Dμν(x, z), D(x, z), S(x, z), and S¯(x, z) are not
functions of x−z alone. Therefore, these inhomogeneous terms at the point
z contribute to the ﬁeld operators at the point x via both these bilocal
operators and the “time-order”. So, we can regard these inhomogeneous
terms as origins of “time-evolution” in the operator level.
In addition, the 4D integral terms in the integral representations for the
Yang–Mills ﬁelds contain not only the interactions with the Weyl and Higgs
ﬁelds but also the self-interaction and the interaction with the Faddeev–
Popov ghost ﬁelds. This fact means that the non-abelian properties of
Yang–Mills ﬁelds and the existence of Faddeev–Popov ghost ones are the
parts of origins of “time-evolution”. The 4D integral terms in the integral
representations for the Weyl ﬁelds contain the interactions with the Yang–
Mills ﬁelds, and the mixing of the right-handed Weyl ﬁelds and the left-
?????????????????????????????????????????????????????????????????????????
handed ones with the Higgs one. These are origins of “time-evolution”.
Also, in the 4D integral term for the Higgs ﬁeld, the interactions with the
Yang–Mills ﬁelds and the Weyl ones, the self-interaction, and the squared
“mass” are origins of “time-evolution”.
If a physical vacuum |0� is translationally invariant,
Pˆλ|0� = 0 , (6.1)
then the vacuum expectation values of all the matter ﬁelds are independent
of xλ. For example, the vacuum expectation value of the translation of the
gluon ﬁeld A aμ (x) is given by
�0|[ iPˆλ, A aμ (x) ]|0� = ∂xλ�0|A aμ (x)|0� = 0 . (6.2)
























d3z �0|J a0μ (x, z)|0�|z0=y0 , (6.3)
we ﬁnd that the xλ-dependence of the ﬁrst term in the right-hand side can-
cels out that of the second one. In relation to the integral representations
for the other matter ﬁelds except for (4.38)–(4.40), we can see similar facts
for their vacuum expectation values.
???
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